
Defects Enhance Stability in 12-fold Symmetric Soft-Matter Quasicrystals
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Quasicrystals are materials that exhibit long-range order without translational periodicity. In
soft matter, the most commonly observed quasicrystal has 12-fold symmetry and consists of tilings
made out of squares and triangles. Intriguingly, both in experiments and simulations, these tilings
nearly always appear with many vacancy-related defects that are connected to an additional tile: a
rhombus. In this letter, we explore the role of rhombus defects on the entropy of square-triangle
12-fold quasicrystals. We introduce a novel lattice-based Monte Carlo simulation method that uses
open boundaries to allow the concentration of defects to fluctuate. Our simulations show that rhom-
bus tiles significantly increase the configurational entropy of the quasicrystal phase, enhancing its
stability. These findings highlight the critical role of defects in stabilizing soft-matter quasicrystals.

Quasicrystals are exotic materials that possess long-
range order despite lacking translational periodicity. Al-
though originally discovered in metallic alloys [1], re-
cent years have also seen the discovery of quasicrystals
in a variety of soft-matter systems, from nanoparticles
to granular matter [2–12]. Arguably the most common
quasicrystal observed in soft matter is a two-dimensional
quasicrystal with a 12-fold symmetry, which can be de-
composed into a tiling consisting of squares and trian-
gles [2, 13–15]. Intriguingly, in both experiments and
simulations where these phases form spontaneously, the
resulting tilings always contain a high concentration of
point defects [7, 9, 11, 16–28]. Unlike point defects in
regular crystals, which typically take the form of vacan-
cies, interstitials, or antisite defects, these quasicrystal
defects appear as the introduction of new tile shapes
into the tiling. In the case of square-triangle tilings,
these defect tiles manifest as shield-like or egg-like de-
fects [7, 19, 20, 22, 26–28], each of which can be decom-
posed into squares, triangles, and an additional rhombus-
shaped tile, as illustrated in Figure 1(a). The high preva-
lence of these defects suggests that they play an im-
portant role in the stability of soft-matter quasicrystals.
Moreover, the diffusion of defect tiles through a square-
triangle tiling has the side-effect of rearranging the un-
derlying tiling pattern, hence providing a mechanism for
the quasicrystal to sample the myriad of possible random
tiling realizations. Therefore, to understand the thermo-
dynamic stability of soft-matter quasicrystals, we require
an understanding of how these rhombus-shaped defects
affect the entropy of square-triangle tilings.

In this Letter, we use a novel tile-based simulation ap-
proach combined with free-energy calculations to explore
the effect of rhombus-shaped defects on the entropy of
the dodecagonal square-triangle tiling. In particular, we
simulate systems with open boundary conditions, which
allows the number of defects in our system to fluctuate
based on an external biasing potential. Using thermody-
namic integration, we map out the free-energy landscape
as a function of this biasing potential, and use the re-

sults to extract the entropy as a function of defect tile
concentration. We show that in comparison to point de-
fects in traditional crystals, defects in quasicrystal tilings
provide a stronger entropy gain, explaining the high con-
centration of defects observed in a variety of soft-matter
systems.

Simulation methods have been developed to investigate
quasicrystals on a lattice, but they present two major
limitations for our purposes. First, they employ peri-
odic boundary conditions and rely on periodic approxi-
mants of the quasicrystal. This approach inherently dis-
rupts the aperiodicity of quasicrystals, which can alter
the defect concentration, making it difficult to infer the
true equilibrium defect concentration in the thermody-
namic limit. Second, existing methods are based on intri-
cate Monte Carlo (MC) moves, such as zipper moves[13],
which maintain the number of different tiles. However,
proving their detailed balance is typically done on a case-
by-case basis. Extending these moves to include new tile
types and allowing for type fluctuations without violat-
ing detailed balance is complex and often impractical.
Therefore, these methods are not ideal for our study,
which focuses on the equilibrium concentrations of dif-
ferent tiles (or defects).

To address these issues, we introduce a novel simu-
lation method designed to explore lattice models under
open boundary conditions (OBCs) using a new set of
Monte Carlo (MC) moves, detailed in the Supporting In-
formation. Our MC moves come in two types. The first
type is a local vertex move, where a vertex is rotated
around one of its neighbors by π/6. The second type is
a swap move, where we identify pentagonal patches that
can be tiled with either a square and a triangle or two
rhombi and a triangle, and then swap the positions of
these different tiled patches within the tiling.

We implement OBCs in our model by incorporating a
confining line tension, denoted by γ, which contributes
to the potential energy as:

UB = γL, (1)
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where L is the perimeter of the tiling. This energy con-
tribution biases the system towards a simply-connected
configuration, meaning the tilings consist of a single is-
land without holes, while allowing the boundary shape
to evolve to the most favorable configuration. By using
OBCs, we simultaneously address both issues mentioned
earlier: (i) allowing the quasicrystal’s shape to fully relax
and (ii) enabling boundary fluctuations that facilitate the
creation and annihilation of tiles. This allows the num-
ber of tiles to fluctuate with a suitable set of MC moves,
thereby overcoming the limitations of periodic boundary
conditions.

To understand the defect statistics of square-triangle
tilings using rhombus tiles as a proxy, we focus on the
contribution of rhombus concentration to the tiling’s sta-
bility. To control the number of rhombi in our system, we
introduce a chemical potential-like energy contribution:

UR = ϵRnR, (2)

where ϵR is the energy contribution and nR is the number
of rhombi. This biasing potential allows us to explore dif-
ferent tile compositions by varying ϵR. Combining both
energy contributions from Eqs.(1 and 2), the total energy
used to simulate the system is:

U = UB + UR = γL+ ϵRnR. (3)

Using this potential, we simulate square-triangle-
rhombus tilings with biasing potentials βϵR ∈ [0, 7], line
tensions βγa ∈ {3, 4, 5, 6} with a the length of an edge,
and the number of vertices N ∈ {996, 2121, 4123, 8004}
where β−1 = kBT and a are the inverse temperature and
the length of an edge, respectively. We initialize the simu-
lations with random inflationary Stampfli square-triangle
tilings of type [D, I] where D represents the size of the
initial square lattice and I is the number of inflations
performed on that square lattice [13]. We measure the
boundary length, the number of different tiles, and the
edge and tile orientations of various realizations of the
square-triangle-rhombus tiling. A typical realization is
depicted in Figure 1(b).

As a first step, we verify whether the 12-fold symmetry
is preserved, ensuring that the tiling remains quasicrys-
talline. To achieve this, we plot the orientation distribu-
tions of edges and different tiles across the entire range of
simulation parameters, as shown in Figure 2. Our obser-
vations indicate that every orientation of the edges and
the tiles is equally probable, suggesting that the tilings
retain their 12-fold symmetry regardless of variations in
line tensions and system sizes. Consequently, the tilings
in our simulations remain in the quasicrystal phase. As
a second check, we confirmed that our patches of tiling
remain compact (non-fractal) for the range of line ten-
sions explored. As shown in the SI, the average length of
the perimeter scales with the square root of the number
of particles, confirming that in the thermodynamic limit,
the boundary becomes negligible.

FIG. 1. (a) The tiles and point defects in 12-fold symmetric
soft-matter quasicrystals. On the left-hand side, we depict
the square, triangle, shield, and egg tiles, in order, with the
latter two being the point defects. The dashed lines within
the point defects show their decomposition into a square, two
triangles, and an additional rhombus-shaped tile. On the
right-hand side, we depict our simplified model tiles using
the rhombus-shaped tile as the point defect representative.
(b) A sample snapshot from the open boundary simulation of
a square-triangle-rhombus tiling consisting of 256 vertices.

We now explore the behavior of the concentration of
different tile types as a function of the biasing strength
ϵR which tunes the propensity of the system to include
rhombi. Specifically, in Fig. 2 (e), we plot the fraction of
the total area covered by squares, triangles, and rhombi
as a function of ϵR. We find that for all investigated val-
ues of ϵR, the area fraction of triangles remains fixed at
1/2 within our error bars. This is consistent with what
we would theoretically expect for a 12-fold symmetric
tiling[13–15], as also shown in the SI. This result is es-
sentially independent of the biasing potential and system
size, and provides clear evidence that our simulations are
correctly sampling the space of square-triangle-rhombus
tilings.

As we increase the biasing parameter ϵR, the concen-
tration of rhombi goes down continuously, with the con-
centration of squares trivially increasing correspondingly
(as the three area fractions must necessarily add up to
1). For sufficiently large ϵR ≳ 6, the number of rhombi
becomes vanishingly small in comparison to the total
system size, bringing us essentially to the pure square-
triangle limit.

The key question that we would like to answer next
is how much the rhombi add to the total entropy of the
system. In other words, we are interested in the entropy
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FIG. 2. Fraction of different orientations of (a) edges, (b)
squares, (c) triangles, (d) rhombi, and (e) the area fractions
of the tiles with respect to varying rhombus biasing potential.
In panels a-d, white dashed lines indicate the orientation frac-
tion corresponding to perfect 12-fold symmetry. In panel (e),
different tiles are indicated by their corresponding marker in-
dicated in the legend. The number of vertices and the line
tension is color-coded as shown in the figure.

difference

∆S(N, γ, T, ϵR) = S(N, γ, T, ϵR)− Ssq−tr(N, γ, T ), (4)

where S is the entropy of a tiling containing a finite con-
centration of rhombi (controlled by ϵR), and Ssq−tr is the
entropy of a square triangle tiling without rhombi (which
occurs when ϵR → ∞). Note that in the thermodynamic
limit (N → ∞), we expect the effects of the boundary to
become negligible, and hence

∆S = N∆s(βϵR), (5)

with ∆s the entropy difference per particle between
a pure square-triangle tiling and our square-triangle-
rhombus tiling. To calculate ∆S, it is convenient to first
calculate the Helmholtz free-energy difference ∆F , which
is related to the entropy difference via ∆F = ∆U−T∆S.
Here, ∆U is the potential energy difference between a sys-
tem at finite ϵR and a square-triangle tiling at ϵR → ∞,

which is given by:

∆U(N, γ, T, ϵR) = ϵR ⟨nR⟩N,γ,T,ϵR
+

γ
(
⟨L⟩N,γ,T,ϵR

− ⟨L⟩N,γ,T,∞

)
.(6)

Using thermodynamic integration, ∆F can be calculated
from the data in Fig. 2(e) via

∆F (N, γ, T ; ϵR) =

∫ ∞

ϵR

dϵ′R

〈
∂U

∂ϵR

〉
N,γ,T,ϵ′R

,

=

∫ ∞

ϵR

dϵ′R ⟨nR⟩N,γ,T,ϵ′R
,

(7)

where ⟨. . .⟩ represents an ensemble average and nR is the
number of rhombi in our system.
Note that if we want to calculate the total entropy of

our system, we have to combine ∆S with the configura-
tional entropy of the pure square-triangle tiling. For an
infinitely large system this has been calculated exactly
using the Bethe ansatz [29, 30], and is given by

Ssq−tr

NkB
= log(108)− 2

√
3 log

(
2 +

√
3
)
= 0.12005524 . . .

(8)
From ∆U and ∆F , we calculate the configurational

entropy of our tilings as a function of ϵR, and plot the re-
sults in Figure 3(a). Note that we have included here the
base entropy of the square triangle tiling (dashed line),
using the infinite-system value. First of all, we indeed
find that for large systems, our results obtained at dif-
ferent γ converge. Additionally, we observe a substantial
increase in the configurational entropy per vertex as the
rhombus cost βϵR decreases. Specifically, at the point
where there is no rhombus cost (βϵR = 0), the config-
urational entropy reaches its maximum. To investigate
this point, we plot the finite-size scaling of the entropy of
the square-triangle-rhombus tiling at ϵR = 0 for different
line tensions in Fig. 3(b). When we fit a line through the
larger system sizes (indicated by filled markers) for line
tensions βγa = 4, 5, 6, we observe that all systems con-
verge well at the infinite system size limit (1/N = 0).
Within the different line tensions, we report that the
βγa = 3 case produces the largest deviation, likely be-
cause the boundary fluctuations are more prominent for
low γ. Hence, it is excluded from the infinite system ex-
trapolation to get an unbiased estimate. Subsequently,
we find the configurational entropy of the infinite system
as 0.782± 0.001 kB per particle, which is approximately
6.5 times the configurational entropy of the pure square-
triangle tiling.

While ϵR is a useful control parameter in our simu-
lation model, in the context of comparing to observed
quasicrystals in literature it is more intuitive to exam-
ine how the entropy increase due to rhombi is related to
their concentration. To this end, we plot in Fig. 3(c)
the same entropy data as in Fig. 3(a), but as a function
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FIG. 3. Configurational entropy per vertex with respect to varying (a) rhombus biasing potential, (b) system sizes (at βϵ = 0)
and (c) rhombus area fraction. In panels (a) and (c), black dashed lines indicate the configurational entropy of square-triangle
tiling and the markers indicate the maximally random square-triangle-rhombus tiling. In panel (b), lines indicate linear fits to
the data where the smallest system size (N = 996) is excluded. The black star marker shows the entropy at infinite system
extrapolation obtained from the solid lines (βγa = 4, 5, 6), which is given by S/kBN = 0.782± 0.001. All error bars are set to
three times the standard error. The number of vertices and the line tensions are color-coded as shown in the figure.

of the rhombus area fraction ρ. We observe a sharp in-
crease in entropy as soon as even a small concentration
of rhombi is added to the tiling, with the entropy reach-
ing a maximum (as expected) for the highest observed
rhombus concentrations (corresponding to ϵR = 0).
The sharp increase at the start of the plot in Fig. 3(c)

is interesting in the context of rhombic defects in oth-
erwise pure square-triangle tilings. In particular, it is
interesting to determine the amount of entropy added by
a single rhombus defect to the tiling. To put this in con-
text, adding a single point defect (vacancy or interstitial)
to a normal crystal would, in the thermodynamic limit,
add a total entropy of S1 = logM to the system, where
M is the number of available lattice sites for the defect
(for a vacancy, M is generally just the number of parti-
cles). We can calculate the entropy gain of adding a single
rhombus tile to an otherwise pure square-triangle tiling,
by looking at the behavior of the number of rhombi as a
function of ϵR in the limit of nearly pure square-triangle
tilings. When the concentration of rhombi is sufficiently
low, such that they do not interact, the number of rhombi
will scale as

nR = e−βϵR+∆S1/kB , (9)

where ∆S1 is now the configurational entropy added by
creating a single rhombus.

In Fig. 4, we plot the defect concentration nR/N as
a function of ϵR on a logarithmic scale, and fit the high-
ϵR regime with an exponential decay. Extrapolating to
infinite system sizes, we obtain ∆S1/kB ≃ 1.29 logN ,
which is considerably higher than the logN we would
expect for a simple vacancy in a crystal. This significant
boost in entropy even for a single rhombus defect provides

an explanation for the prevalence of defects in virtually
all square-triangle tilings observed in soft-matter systems
[7, 9, 11, 20–28].

In practice, the entropy gain of creating a defect in
a square-triangle must be compared to the free-energy
cost associated with creating such a defect at a specific
location. In our lattice model, this cost is zero, but for
a system of interacting particles at finite pressure, there
will always be a positive free-energy cost to creating a
defect. We note, however, that in the case of the shield
and egg defects typically found in square-triangle tilings,
the shield and eggs defect that tend to contain the rhom-
bic tiles are often the result of breaking up a vacancy into
two separate defects. This implies that the volume cost
– typically a key part of the cost of creating a defect – of
creating shield and egg tiles, is only half of that of a full
vacancy. Hence, the total free-energy cost of creating
rhombus-containing defects in square-triangle tilings is
low, which combined with the high entropy gain implies
that high defect concentrations should be expected.

In conclusion, we introduce a novel simulation method
designed to explore square-triangle-rhombus tilings un-
der open boundary conditions by incorporating a confin-
ing line tension, and use it to analyze the configurational
entropy gain associated with adding rhombi to a square-
triangle quasicrystal. Our results show that rhombus de-
fects are significantly more entropically favorable than
conventional point defects in periodic crystals, explain-
ing the observed prevalence of these defects in soft-matter
quasicrystals. While we have focused here on the 12-fold
square-triangle quasicrystal, we strongly expect that this
result is general to the much broader set of thermody-
namically stable random-tiling quasicrystals, due to the
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additional flexibility in tiling configurations offered by
the introduction of an additional tile shape.
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able in GitHub and Zenodo when it is published.
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