


Supplementary Fig. 1. The full eigenvalue signatures, st S_{, Si and S', S2, and S3, of the nematic
order parameter tensors for the long particle axes { and the short particle axes t, respectively, as a function
of packing fraction n as obtained from simulations of varying hard, distorted tetrahedral particles. The
panels correspond to particles with a length-to-width ratio L/W and width-to-thickness ratio W/T values

of LIW, W|T =5, 4 (ab); 25, 4 (cd); and 2.5, 2 (/).

. ORDER PARAMETERS

In the main text, we distinguish the various nematic phases by analyzing two nematic order

parameters, S, and S_, which correspond to the largest eigenvalues of the 3 x 3 nematic order

2



parameter tensor Q = <%& ®a — %]I> where a represents either the long particle axis [
for S, or the short particle axis £ for S_. While S, and S_ provide a straightforward and
interpretable means of distinguishing nematic phases, their applicability is constrained by the
difficulty of defining a consistent local frame of reference across all model particles. To achieve
a more robust characterization of the orientational distributions within different nematic phases,
we extend our analysis by examining the full eigenvalue signatures of the two nematic order
parameter tensors. These signatures are compared with the theoretical expectation values of the
nematic order parameter tensors for well-defined director field profiles corresponding to known
nematic phases, including prolate and oblate uniaxial nematics, biaxial, chiral, chiral biaxial,

and splay nematic phases.

For a given director field profile defined by the orientation dependent triple 7;(Q)), 724(Q2) and

Ty () = 7;(Q) x 114(Q), the nematic order parameter tensors are given by the integral averages

1 3, A
0y = 77 | 40| 5:(0a5(0) = 50,4 . "

where we use a(Q) = 1;(QQ) for Q, and a(Q) = 14(Q) for Q_. Here, Q) represents one or more
angular variables, which may or may not explicitly depend on a spatial coordinate describing a
modulation, such as a one-dimensional periodic variation in cholesteric phases or the uniform
orientation found in oblate nematic phases. The term |Q)| denotes the appropriate normalization

factor.

A. Prolate Uniaxial Nematic N Phase

In a prolate uniaxial nematic N, phase, we assume that the primary director 7; is always

A

aligned with the Zz-axis, while the secondary directors are uniformly distributed in the plane

perpendicular to 7:

0 sin(¢) — cos(¢)
A= [0|, fz=|cos(p) |, Tw= | sin(¢) (2)
1 0 0



The corresponding nematic order parameter tensors are given by

~1 00 100
Q=| 0 -1o|, Q=]01!10 (3)
0 0 1 00 —1

Here, the eigenvalue signature of {1/4, 1/4, —1/2} of Q_ corresponds to an orientational average
over a cylindrical distribution. Consistent with typical configurations observed in simulations,
we observe that the nematic order parameter values in the light blue regions of SFigl.c, d, e,

and f match this signature.

B. Oblate Uniaxial Nematic N_ Phase

In an oblate uniaxial nematic N_ phase, we assume that the primary director ne; is always
aligned with the Z-axis, while the secondary directors 7; and 7, are uniformly distributed in

the plane perpendicular to t

sin(¢) 0 — cos(¢)
iy = | cos(¢h) ;= [0, = sin(¢) (4)
0 1 0

The associated nematic order parameter tensors are

(@)
(@)
|
N|—
o O

Q+=

N—

S O sl

O A=
|
o O

As seen from the eigenvalue structures of Q. and Q_, the transition of orientational ordering
from the long particle axis in prolate nematics to the short particle axis in oblate nematics is
reflected in the interchange of eigenvalues between the two nematic order parameter tensors. In
agreement with our simulations, oblate nematic ordering is observed in the brown high-density

regions of Supplementary Fig.1 c and d.



C. Biaxial Nematic Ng Phase

In a biaxial nematic Nz phase, we assume that the three directors are always aligned along

the three Cartesian axes:

0 1 0
=0, fiz=1[0|, Rup=|1 (6)
1 0 0

100 10 0
0 0

Q = (/)

Nl—

0
00 —

N|—

According to the eigenvalue signatures, biaxial order is observed in the gray regions of Supple-

mentary Fig.T ¢ and d.

D. Cholesteric N* Phases

In a cholesteric liquid crystal, the orientation of the primary director 7; varies continuously
along the chiral axis according to ¢ = gz, where P = 25/q represents the cholesteric pitch.
Additionally, we assume that the other two directors, 7o; and iy, remain perpendicular to 7y

and are randomly distributed around it

sin(gz) cos(gz) sin(6) — cos(qz) cos(6)
;= | cos(gz) | . Ty = | —sin(gz)sin(0) | . fw = | sin(gz)cos(6) | - (8)
0 cos(6) sin(6)

The corresponding nematic order parameter tensors are

o
o
|

o o

Q. = (9)

S O s
O sl-
|

A=

As expected, the eigenvalue signature of Q. aligns with that of Q. for oblate uniaxial nematics
or Q_ for prolate uniaxial nematics, reflecting the uniaxial cylindrical distribution of 7n;. We

observe this signature in the green-blue N* regions of SFig1. a and b.
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E. Cholesteric Biaxial N Phases

In a cholesteric biaxial N phase, we assume that the secondary director 7z is aligned with

the Z-axis
sin(gz) 0 cos(qz)
;= | cos(qz) g = |0 gy = | —sin(qz) | (10)
0 1 0

and the corresponding nematic order parameters are

(e}
o

N—=

0 0
Q+: 0

(11)

[ R
N|—

[« RN
|

0
0 0 1

The cholesteric biaxial phase is simpler. It shares the same distribution of a cholesteric in Q.,
but uniaxial ordering in Q_. We observe that the cholesteric phase in Supplementary Fig.1 a

and b slowly transitions to a biaxial cholesteric phase.

F. Splay Nematic and Splay Biaxial Nematic Phases

We assume the splay nematic phase is characterized by a periodic modulation of the primary

director 7; along the x-direction with a pitch length P = 25/q, while 7a; remains aligned with

the z-axis.
sin(Bp sin(gx)) 0 cos(6p sin(gx))
iy = | cos(Gysin(gx)) | . Pg= |0 Ty = | —sin(6sin(gx)) | - (12)
0 1 0
The corresponding nematic order parameters are
7 — 70(260) 0 0 -1 00
Q; = 0 T+ 3h(20) 0 Q.=| 0 -30 (13)
0 0 —1 0 01

where Jy represents the zeroth-order Bessel function of the first kind. We recover the nematic
order parameters for the biaxial nematic phase when 6y = 0. Additionally, the nematic order

parameters evolve towards those of an oblate nematic phase upon increasing 6. Interestingly,
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in Supplementary Fig.1 c and d, we observe that the nematic order parameter values in the pink
region, where the system transitions from a biaxial nematic phase to an oblate nematic phase,
exhibit this signature. Visual inspection of the configurations reveals no periodic splay modula-
tion in the nematic director fields 7; and iy, but instead show local splay domains randomly
distributed in the xy-plane. The splay angle 6y increases with density upon transitioning from
the biaxial nematic phase to the oblate nematic phase. We refer to this state as the disordered
splay nematic N2 phase. The nematic eigenvalue signatures of the N2 phase are identical to
those of the periodically modulated splay nematic phase. We note that an arbitrary f(gx) can

be used instead of sin(gx), allowing the oblate nematic phase to be recovered exactly when
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Supplementary Fig. 2. Density autocorrelation functions for moderately anisotropic particles, computed
over 10° steps from equilibrated configurations at four representative densities: (a) isotropic phase at
n = 0.08, (b) low-density prolate uniaxial nematic at n = 0.19, (c) high-density prolate uniaxial nematic
at n = 0.27, and (d) gyroid phase at n = 0.49. The results show the expected increase in correlation

time with density, reaching its maximum in the gyroid phase.






conditions susceptible to metastable states.
All simulations were performed in the NPT ensemble by independently proposing anisotropic

volume moves along one of the three axes, with acceptance probability

Poec = min [1, exp (BP(\/— \/’)—/\/ln%)],

where V' and V’ are the volumes before and after the proposed move, respectively. Moves that
would result in particle overlaps were automatically rejected. Particles were allowed to both
translate and rotate, with acceptance ratios maintained between 40-60%. Each Monte Carlo
step consisted of one attempted translation, one attempted rotation per particle, and a single
attempted volume move.

To reduce computational cost during parameter exploration and to evaluate potential finite-
size effects, we first performed exploratory runs with 3,000 particles. We then increased the
system size to 24,000 particles, focusing on a narrower set of particle shapes. In all cases,
compressions were initialized from a low-density configuration, with particles placed on a grid
at one particle per 8.3 units of volume. Compression across the isotropic to nematic phase
transition proved to be the most delicate part of the protocol, requiring slow adjustment to
maintain the target acceptance ratios.

Depending on the target phase and its density, the equilibration stage required anywhere
from about 10° steps (sufficient to equilibrate low-density phases) up to roughly 2 x 107 cumu-
lative steps (for higher-density smectic phases). For the latter, equilibration was monitored in
batches of 10° steps. Once a state point was deemed equilibrated, we performed an additional
production run of 10°~2 x 10° steps to measure observables. These choices were guided by the

packing fraction auto-correlation function

(n(0) — () alt) — ()
U= -

where (... ) denotes the ensemble average. Correlation times were roughly estimated as the time

at which C(t) first crosses zero. In the isotropic phase, correlation times were short (~ 10" steps,
Supplementary Fig. 2a), increased to ~ 5 x 10 steps in the nematic regime (Supplementary
Fig. 2b), and reached up to ~ 10° steps in denser nematic phases (Supplementary Fig. 2c). The
longest correlation times occured in the gyroid phase, peaking at ~ 2x 10° steps (Supplementary
Fig. 2c) at density n = 0.49. Our protocol therefore ensured equilibration, as run lengths
exceeded correlation times in all cases. This was further confirmed by monitoring the packing

fraction, which fluctuates only at the fourth decimal place over 10° steps (Supplementary Fig.3).
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Supplementary Fig. 4. Comparison of splay Ky and twist K; elastic constants (left column) with the
saddle-splay K33 = (K7 — K3)/2 constant and the splay-twist K1/K; ratio (right column) across the
simulated phase diagram for rod-like, disk-like, and moderately anisotropic particles in Supplementary
Fig3ab, cd, and ef respectively. The results demonstrate a strong correlation between the elastic
constants and the phase transitions observed in simulations, highlighting the role of K4 in stabilising

the observed nematic textures.
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Moderately Anisotropic Particle

Prolate Nematic

A w~ 7

Supplementary Fig. 5. Typical configuration of a system of moderately anisotropic particles in the prolate
nematic phase. The same configuration is shown along the three coordinate axes and in perspective.
Particles are colored according to their orientation: green for the x axis, red for the y axis, and blue for

the z axis.
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Moderately Anisotropic Particle
Gyroid

Supplementary Fig. 6. Typical configuration of a system of moderately anisotropic particles in the gyroid
smectic phase. The same configuration is shown along the three coordinate axes and in perspective.

Particles are colored according to their orientation: green for the x axis, red for the y axis, and blue for

the z axis.
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Rod — Like Particle

Uniaxial Cholesteric

Supplementary Fig. 7. Typical configuration of a system of rod-like particles in the uniaxial cholesteric
phase. The same configuration is shown along the three coordinate axes and in perspective. Particles

are colored according to their orientation: green for the x axis, red for the y axis, and blue for the z axis.
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Supplementary Fig. 8. Typical configuration of a system of rod-like particles in the biaxial cholesteric
phase. The same configuration is shown along the three coordinate axes and in perspective. Particles

are colored according to their orientation: green for the x axis, red for the y axis, and blue for the z axis.
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