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Many active particles are embedded in environments that exhibit viscoelastic properties. An important class of
such media lacks a single characteristic relaxation timescale when subjected to a time-dependent stress. Rather,
the stress response spans a broad continuum of timescales, a behavior naturally described by a scale-free,
fractal-like power-law relaxation modulus. Using a generalization of the fractional Langevin equation, we
investigate an active Brownian particle embedded in a power-law viscoelastic environment with translational
and rotational dynamics governed by independent fractional orders. We solve the model analytically, develop a
numerical scheme to validate the theoretical predictions, and provide tools that can be used in further studies.
A rich variety of diffusion regimes emerges, which modify the intermediate-time behavior of the mean squared
displacement. Notably, we find that the competition between translational and rotational contributions favors
a superdiffusive persistence over the standard ballistic motion, and overstretches its characteristic timescale,
fundamentally altering the standard relation between persistence and propulsion in active matter.

DOI: 10.1103/vz9f-c2lb

Active Brownian particles are an important example of ac-
tive matter, capable of converting internal energy into directed
motion [1–3]. Active-matter systems were originally studied
in the context of collective motion at both macroscopic and
microscopic scales [4–6]. They subsequently became a central
focus because of their ability to describe phenomena across
vastly different length scales, from herds of large mammals to
bacteria colonies, under minimal modeling assumptions [7,8].
Particular attention has been given to both biological and
synthetic microswimmers, micron-sized particles that propel
themselves through fluid environments, because of their rel-
evance for the description of bacterial behavior and for the
development of engineered self-propelled devices [9,10]. The
interplay between persistent active motion, thermal fluctu-
ations, and environmental interactions, gives rise to a rich
variety of emergent phenomena such as anomalous diffusion,
clustering, and nonequilibrium phase transitions [11–14].

Often, microswimmers are embedded in materials that de-
viate from the ideal behaviors described by Hooke’s law for
elastic solids and Newton’s law for viscous fluids. Instead,
such materials exhibit both elastic and viscous responses si-
multaneously and are therefore classified as viscoelastic [15].
Several experimental, analytical, and computational studies
have shown that the dynamics of active particles are strongly
modified when they are embedded in viscoelastic or complex
fluids [16–20]. A useful way to characterize viscoelastic prop-
erties is through a relaxation test, which measures the stress
response to a time-dependent applied strain. This response
is described by the so-called relaxation modulus, which is
constant for ideal elastic solids and proportional to a Dirac
delta function for purely viscous fluids. The motion of a par-
ticle embedded in such a medium can then be modeled using
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a generalized Langevin equation (GLE), where the memory
kernel is related to the relaxation modulus via the generalized
Stokes-Einstein relation (GSE) [21,22].

The form of the memory kernel plays a crucial role in
determining the system’s dynamical behavior. To date, GLEs
with exponential memory kernels have been widely employed
[23–25], but a broad class of soft and biological materials ex-
hibits a power-law relaxation modulus that decays as χ (t ) ∝
t−α [26]. Using the GSE, the corresponding friction kernel
scales as K (t ) ∝ t−α [27]. Such power-law responses are char-
acteristic of complex materials possessing a wide distribution
of microstructural length scales and timescales. Important
examples include biological tissues [28], gels [29–31], intra-
and extracellular components [32–35], polymer networks
[36–38], and soft crowded suspensions [22,39,40]. Although
understanding active motion in these environments is of con-
siderable importance, it remains largely unexplored, with only
a few exceptions [41,42], all of which have been restricted to
one-dimensional systems.

Fractional calculus provides a natural framework for de-
scribing power-law relaxation moduli and memory kernels.
Fractional operators encode scale-free, fractal-like memory,
and therefore do not require the introduction of a char-
acteristic timescale. Indeed, fractional models have proven
highly successful in describing the rheological behavior of
soft biological tissues exhibiting power-law scaling [43–46].
Furthermore, they constitute the cornerstone for the study of
anomalous diffusion behavior [47], where the mean squared
displacement (MSD) deviates from linear growth and instead
scales as tα . The fractional generalization of the Langevin
equation, first introduced by Lutz [48], is particularly relevant
in this context. It captures the dynamics of a particle subjected
to a dissipative force of noninteger order and to long-range,
time-correlated noise. The interplay between dissipation and
noise gives rise to slow relaxation dynamics, leading to
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anomalous diffusion and, more recently, to the emergence of
prethermal periodic time-ordered phases [49,50].

In this Letter, we extend the fractional Langevin equa-
tion to model the motion of active Brownian particles, in
which both translational and rotational degrees of freedom
are influenced by the power-law viscoelastic properties of
the surrounding medium. We solve the model analytically
and develop numerical expressions suitable for further in-
vestigations. The interplay between the fractional orders and
the noise acting on the spatial degrees of freedom gives
rise to a rich variety of anomalous diffusion regimes that
strongly modify the intermediate-time behavior of the MSD.
In particular, these effects extend and enhance the persistent
superdiffusive regime relative to the conventional ballistic t2

behavior of standard active particles, while preserving the
enhanced long-time normal diffusion characteristic of active
particles.

Fractional active Langevin equation. We study the dy-
namics of an active Brownian particle embedded in a
two-dimensional viscoelastic medium, described by its po-
sition vector r(t ) = [x(t ), y(t )] and orientation angle φ(t ).
Both state variables evolve according to the following set of
overdamped generalized Langevin equations,∫ t

0
KT (t − τ )[ṙ(τ ) − υn̂(τ )]dτ = θT ξT (t ),

∫ t

0
KR(t − τ )φ̇(τ )dτ = θRξR(t ), (1)

where n̂ = (cos φ, sin φ) denotes the direction of self-
propulsion with magnitude υ, and ξT = (ξx, ξy) and ξR are
the translational and rotational stochastic forces, respectively,
with strengths θ{T,R}. The time-delayed viscoelastic response
of the medium is captured by a power-law memory kernel,

KQ(t − t ′) = ηQ(t − t ′)−αQ


(1 − αQ)
, (2)

where αQ ∈ (0, 1), ηQ is the corresponding viscous coeffi-
cient, 
(z) = ∫ ∞

0 t z−1e−t dt for Re(z) > 0 is the Euler Gamma
function, and the subscript Q = {T, R} denotes either the
translational or rotational component. This choice corre-
sponds to a power-law relaxation modulus of the form χ (t ) ∝
t−α , characteristic of scale-free viscoelastic media. Using the
Caputo fractional derivative [51],

C
0 DαQ

t f =
∫ t

0

(t − τ )−αQ


(1 − αQ)

d f
dτ

dτ, (3)

where the left superscript C denotes the Caputo derivative and
the right superscript αQ specifies the order of the derivative,
Eq. (1) can be rewritten as a set of overdamped fractional
Langevin equations,

ηT
C
0 DαT

t [r(t ) − υN̂(t )] = θT ξT (t ),

ηR
C
0 DαR

t φ(t ) = θRξR(t ), (4)

with the time derivative of N̂ defining the direction of self-
propulsion n̂ = dN̂/dt . In the limit αQ → 1, the Caputo
fractional derivative in Eq. (3) reduces to an ordinary first-
order time derivative, and Eq. (4) recover the conventional
overdamped active Langevin dynamics.

In particular, we model the stochastic forces as fractional
Gaussian noises with zero mean, 〈ξT (t )〉 = 0 and 〈ξR(t )〉 = 0,
and power-law correlations for t 	= t ′,

CT ≡ θ2
T 〈ξT (t ) ⊗ ξT (t ′)〉 = Iθ2

T HT (2HT − 1)|t − t ′|2HT −2,

CR ≡ θ2
R〈ξR(t )ξR(t ′)〉 = θ2

RHR(2HR − 1)|t − t ′|2HR−2, (5)

where I denotes the 2 × 2 identity matrix. Isotropy of the
medium implies a single, constant Hurst exponent HT for both
translational degrees of freedom, while the rotational noise is
characterized by a (generally distinct from the translational
one) Hurst exponent HR.

For simplicity, we assume that the memory kernels are
related to the correlation functions of the noise through the
fluctuation-dissipation relations of the second kind,

CT (|t − t ′|) = kBT IKT (t − t ′),

CR(|t − t ′|) = kBT KR(t − t ′), (6)

where kB is the Boltzmann’s constant and T the tem-
perature. As a consequence, the order of the fractional
derivative and the Hurst exponent are related by αQ = 2 −
2HQ, and the noise amplitude is given by θ2

Q = ηQkBT/[
(1 −
αQ)HQ(2HQ − 1)].

The solutions of Eq. (4) can be obtained using Laplace
transform techniques (see Refs. [52,53]). By Laplace trans-
forming Eq. (4) and inverting back, we obtain

r(t ) = r0 + θT (ξT ∗ GT )(t ) − υ

∫ t

0
n̂(τ )dτ,

φ(t ) = φ0 + θR(ξR ∗ GR)(t ), (7)

where r0 = r(t = 0), φ0 = φ(t = 0), ∗ is the convolution op-
erator, and GQ(t ) is the resolvent function defined as the
inverse Laplace transform of G̃Q(s) = 1/[sK̃Q(s)]. Recalling
the power-law memory kernel in Eq. (2), whose Laplace trans-
form is K̃Q(s) = ηQsαQ−1, the resolvent function becomes

GQ(t ) = L−1{G̃Q(s); t} = tαQ−1

ηQ
(αQ)
. (8)

Numerical solutions of the fractional active Langevin equa-
tion. The particle’s inertia combined with the slow relaxation
dynamics typical of the fractional Langevin equations can
give rise to transient prethermal effects for small values of
αQ, manifested as periodic oscillations in the velocity auto-
correlation and the MSD [49]. This feature poses challenges
for simulating fractional overdamped dynamics because nu-
merical algorithms developed for underdamped cases [49,54]
converge slowly to the overdamped limit. To overcome this
problem, we use the L1 discretization scheme of the Caputo
operator [55] [see Supplemental Material (SM) [56] for a
discussion on the discretization methods], allowing us to tai-
lor the recursive discretized expression for the overdamped
rotational and the active translational equations,

φ(tn) =φ(tn−1) −
n−1∑
j=1

cn− j[φ(t j ) − φ(t j−1)]

+ 
(2 − αR)

h−αR
θRξR(tn), (9)
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r(tn) = r(tn−1) + υ[N̂(tn) − N̂(tn−1)]

+
n−1∑
j=1

cn− j{υ[N̂(t j ) − N̂(t j−1)]

− [r(t j ) − r(t j−1)]}

+ 
(2 − αT )

h−αT
θT ξT (tn), (10)

where ck = (k + 1)1−αQ − k1−αQ , N̂(t j ) − N̂(t j−1) ≈
h[cos φ(t j ), sin φ(t j )], and the algorithm achieves a local
precision of O(h2−αQ ) [55,57].

We calculated numerical solutions for the angular and
translational components [φ(tn), x(tn), y(tn)] using Eqs. (9)
and (10) with a uniformly distributed initial angle φ0 ∼
U [0, π ] and x0 = y0 = 0. The rotational and translational
noises were generated from fractional Brownian mo-
tion trajectories using the Python library fBm0.3.0 [58],
and then differentiated to obtain the fractional Gaussian
noises θRξR(tn) = [BHR (tn) − BHR (tn−1)]h−1 and θT ξT (tn) =
[BHT (tn) − BHT (tn−1)]h−1. Numerical MSDs were calcu-
lated directly as [φ(tn) − φ0]2 and [r(tn) − r0]2, aver-
aged over 3000 independent trajectories. We defined
the characteristic timescale of the rotational component
as τR = [
(1 + αR)DR/2]−1/αR = [ηR/kBT ]1/αR , where DR =
2kBT/[ηR
(1 + αR)] is the rotational diffusion coefficient.
For all the numerics, we computed 95% normal confidence
intervals.

In Fig. 1(a), we present the numerical calculation of
the angular MSD and compare it with the analytical result
〈[φ(t ) − φ0]2〉 = DRtαR derived in the SM [56]. Analytical
expressions are shown as brown solid lines, while colored
markers represent sampled points from the numerical sim-
ulations, and the shaded areas indicate the 95% confidence
intervals. The same scaling holds for the passive translational
motion (υ = 0), with an additional factor of 2 accounting for
the contributions of both x and y. The thermalization behavior
of the numerical algorithm is analyzed in the inset of Fig. 1(a)
for fixed h = 0.005τR and αR = {0.2, 0.7}. For αR = 0.2 (or-
ange), the convergence to the overdamped limit occurs on a
timescale O[10t/τR], whereas for αR = 0.7 (yellow), the con-
vergence is much faster, O[10−1t/τR]. To improve accuracy
and speed up thermalization, we therefore set the time step at
h = 5 × 10−5τR for αR = 0.2, h = 0.001τR for αR = 0.3, and
kept h = 0.005τR for αR > 0.3, in all subsequent numerical
calculations.

Autocorrelation of the self-propulsion direction. A com-
mon assumption for GLEs driven by Gaussian noise is
that their solutions are linear combinations of Gaussian
processes, so the process itself becomes asymptotically Gaus-
sian [59,60]. Although the rigorous construction of the
corresponding Fokker-Planck equation for a non-Markovian
process remains an open problem [61–63], and the solution
is not necessarily Gaussian (except in the case of fractional
Brownian motion [61,64]), this approximation allows us to
simplify the analytical calculations and to systematically
study the statistical properties of the self-propulsion direction.
Hence, we assume that the angular displacement �φ(t ) =
φ(t ) − φ0 follows a Gaussian distribution with zero mean

FIG. 1. Dynamics of the angular component of an active Brown-
ian particle for different fractional orders αR. Analytical expressions
are shown as solid brown lines, while colored markers represent
sampled points from numerical simulations with 95% confidence
bands. (a) Angular MSD in units of rad2. The inset illustrates the
thermalization of the numerical solutions toward the overdamped
limit for αR = 0.2 (orange) and αR = 0.7 (yellow), using a time
step h = 0.005τR. (b) Autocorrelation function of the self-propulsion
direction. All curves are normalized by the rotational timescale τR =
(ηR/kBT )1/αR .

μ�φ = 0 and variance σ 2
�φ = 〈(φ − φ0)2〉 (see the SM [56]

for numerical evidence supporting the Gaussian approxima-
tion). The autocorrelation of the self-propulsion direction then
reads

〈n̂(t ) · n̂(t ′)〉 = 〈cos[�φ(t )]〉 = e− DR |t−t ′ |αR
2 , (11)

which stems from the standard result for the cosine of a Gaus-
sian variable X with mean μX and variance σ 2

X , 〈cos(X )〉 =
Re〈exp(iX )〉 = cos(μX ) exp(−σ 2

X /2) [52,65].
In Fig. 1(b), we present numerical results for the au-

tocorrelation of the self-propulsion direction and compare
them with Eq. (11) for t ′ = 0 and various values of αR.
The area under the autocorrelation curves corresponds to
the persistence time, which is the average time the parti-
cle maintains its orientation. Using the change of variables
s = DRtαR/2, it can be calculated by integrating Eq. (11),
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FIG. 2. Active diffusion regimes for α ≡ αR = αT . (a)–(c) MSD for υτR/L = 20 (solid orange line) and υτR/L = ∞ (solid navy) for
α = 0.7, 0.5, 0.3, respectively. Bottom-right insets show the comparison between analytical and numerical results, while top-left insets present
a zoom into the t2−αR superdiffusive regime. Crossover times between diffusion regimes are indicated by gray lines using the convention
ταT solid, τ2 dashed, τP dotted, and τl dotted-dashed. (d) Summary of the diffusion regimes. (e) Crossover times as a function of α.
(f) Representative particle trajectories for each α. All timescales are in units of τR, and all spatial coordinates are normalized by the
characteristic length υτR.

τp = ∫ ∞
0 〈n̂(t ) · n̂(0)〉dt = (2/DR)1/αR
(1 + 1/αR) (see SM

[56] for the details of the calculation). For αR = 1, it
retrieves the standard persistence time for conventional
active Brownian particles τp = 2/DR, where the orien-
tation decays exponentially. For αR < 1, however, mem-
ory effects induced by the fractional operator stretch
the decorrelation time. Consequently, decreasing αR in-
creases the persistence of the orientation, which diverges
in the limit limαR→0 τP → ∞. Furthermore, we observed
two distinct trends: for αR � 0.5, the persistence time de-
cays rapidly toward the lower limit αR = 1, while for
αR < 0.5, the decorrelation time is strongly stretched.

In Ref. [66], active Brownian particles were modeled
with a rotational component described by linear friction and
driven by fractional Brownian motion. In that case, the per-
sistence time depends on the Hurst exponent 0 < HR < 1

as (2/DH )1/2HR , where DH is a Hurst-dependent rotational
diffusion coefficient. Smaller values of HR increase the per-
sistence time and reinforce long-range correlations, while
HR = 1/2 reduces to the conventional active Brownian parti-
cle behavior. In contrast, the order of the fractional derivative
and the rotational Hurst exponent in Eq. (1) are coupled
via αR = 2 − 2HR, with 1/2 � HR < 1, as imposed by the
fluctuation-dissipation theorem. This coupling implies that
higher HR values strengthen long-range correlations and ex-
tends the persistence time, since our model is defined only
within the persistent regime of fractional Brownian motion.

Active diffusion. The total MSD of an active par-
ticle can be calculated from the solutions given by
Eq. (7). Using the results derived in the SM [56], we
obtain

〈(r − r0)2〉 =
∫ t

0
dτ1GT (τ1)

∫ t

0
dτ2GT (τ2)Tr[CT (|τ1 − τ2|)] + υ2

∫ t

0
dτ1

∫ t

0
dτ2〈n̂(τ1) · n̂(τ2)〉

= 2DT tαT + 2υ2

αR(DR/2)
2

αR

[
γ

(
1

αR
,

DR

2
tαR

)(
DR

2

) 1
αR

t − γ

(
2

αR
,

DR

2
tαR

)]
, (12)

where Tr[·] denotes the trace of the 2 × 2 correlation ma-
trix, DT denotes the translational diffusion coefficient, and
γ (a, z) = ∫ a

0 t z−1e−t dt is the lower incomplete Gamma func-
tion for Re(z) > 0.

When αR = αT = 1, Eq. (12) recovers the conventional re-
sult for active Brownian particles, where the MSD exhibits an
initial short-time diffusive regime, followed by an active per-
sistent scaling behavior t2, and finally a crossover to long-time
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normal diffusion t with an enhanced diffusion coefficient [67].
Additionally, Eq. (12) reproduces the results of Ref. [66] when
imposing αR = 2HR, corresponding to a fractional rotational
noise with linear dissipation. However, when the fractional
orders differ from one and satisfy the thermal condition αQ =
2 − 2HQ, a rich variety of dynamical regimes emerges. At
short times, a competition between translational subdiffusion
and the active persistent phase occurs, with a crossover time
ταT = (2DT /υ2)1/(2−αT ) marking the transition from tαT to t2.
Within the persistent phase, the MSD exhibits a second tran-
sition from ballistic t2 to sub-ballistic superdiffusive t2−αR .
From the series expansion of the active MSD (see SM [56] for
details), the characteristic crossover time is τ2 = (2/DR)1/αR ,
since for small times DRtαR/2 � 1, the leading contribution
is υt2. At long times, the system relaxes to normal diffu-
sion with the long-time diffusion coefficient, Dl = 2υ2
(1 +
1/αR)/(DR/2)1/αR , and the corresponding linear regime is
reached for t � τl , where τl = (2/DR)1/αR
(2/αR)/
(1/αR)
is the characteristic timescale at which the first incomplete
gamma function dominates over the second one in Eq. (12).

Similar transitions between diffusion regimes have been
observed in both experiments and simulations of active parti-
cles in complex environments. Active dumbbells in a polymer
gel showed short-time subdiffusion followed by superdiffu-
sive behavior that, at longer times, reaches the enhanced
diffusion limit [68]. Furthermore, in Ref. [69], it was shown
that the diffusion of active Brownian nanoparticles in polymer
solutions strongly depends on particle size. As their radius
increases, a cage effect emerges, leading to passive subdif-
fusivity and active superdiffusive persistence with a longer
persistence time. Finally, experiments on disklike tracers at
the cm scale moving in a complex environment of regular
obstacles arranged in a lattice show the emergence of su-
perdiffusive persistent regimes, whose exponent depends on
the lattice geometry [70].

In Fig. 2, we illustrate the diffusion regimes for fixed α ≡
αR = αT , with values α = {0.7, 0.5, 0.3}. Figures 2(a)–2(c)
present the analytical MSD from Eq. (12), with υτR/L = 20
in orange solid lines and υτR/L = ∞ in solid navy, where L
denotes a unit length. The crossover times between regimes
are represented by gray lines following the convention ταT

solid, τ2 dashed, τP dotted, and τl dotted-dashed. The case
υτR/L = ∞ is effectively reached when υ2 � 2DT , where
the short-time behavior is fully dominated by the t2 active
persistent phase, and the initial translational subdiffusion is
negligible. In contrast, υτR/L = 20 still allows for a brief sub-
diffusive regime at very early times. The comparison between
analytical and numerical results is shown in the bottom-right
insets, while the top-left insets provide a zoom into the t2−αR

superdiffusive regime. The sequence of MSD regimes is sum-
marized in Fig. 2(d).

When α > 0.5, the timescales τ2, τp, τl approach each
other and collapse at the Newtonian limit α = 1. Furthermore,
for small υτR/L, the timescale ταT partially dominates over
τp and τl for α � 0.5 and fully suppresses the t2 dynamics
across the entire α range, as demonstrated by the orange
line in Fig. 2(e). For α < 0.5, both the superdiffusive regime
and the approach to normal diffusion are overstretched,
diverging in the limit α → 0, and favoring superdiffusion
over ballistic behavior. Using Stirling’s approximation

FIG. 3. Diffusion regimes for decoupled translational and rota-
tional orders. Analytical MSDs are presented in solid colored lines
while numerical results are shown in purple in the figure insets.
The relevant timescales ταT and τp are represented, respectively, in
vertical solid and dotted lines, following the color convention of the
MSD. (a) MSD for fixed αT = 0.7. (b) MSD for αR = 0.7. Times are
normalized by τR and spatial variables by the characteristic length
υτR.

for the Gamma function 
(z) = √
2π/z(z/e)z[1 +

O(1/z)], we analyze the divergent behavior of the
characteristic timescales. For z = 1 + 1/α with 1/α � 1,
the persistence time is approximately τP/τR = 
(1 +
1/α)
(1 + α)1/α ≈ √

2π/α(1/αe)1/α , τR normalizes
the timescale to remove the dependence on DR, and

(1 + α)1/α ≈ 1. Similarly, the long-time diffusion scale
is τl/τR = 
(2/α)
(1 + α)1/α/
(1/α) ≈ √

2(4/αe)1/α/2, so
that τl/τp ≈ √

α/π41/α/2. This shows that the effective
diffusion time τl grows exponentially faster than the
persistence time τp in the limit 1/α � 1. The dependence
of the timescales on α is shown in Fig. 2(e), while Fig. 2(f)
shows sample trajectories for each α. A marked difference is
observed for α = 0.3, where the overstretching of τp causes
superdiffusive motion extending up to t/τR ≈ 100.

Finally, we analyze the effect of decoupling αR and αT . In
Fig. 3, we illustrate this by fixing either αT = 0.7 or αR =
0.7. The analysis of timescales presented above holds when
αR 	= αT , as there is no cross-dependence between timescales
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and fractional orders. When αT is fixed and αR is varied
[Fig. 3(a)], the short-time dynamics is dominated by tαT up to
the crossover time ταT , while the persistent regime exhibits an
initial t2 ballistic behavior, followed by a superdiffusive spec-
trum between t and t2, and finally relaxes to linear diffusion
at times determined by the dependence of τl on αR. On the
other hand, varying αT only affects the short-time dynamics
[see Fig. 3(b)]. As αT decreases, the persistent phase becomes
shorter due to the enhanced memory effects associated with
the dominant elastic properties of the medium, while the long-
time diffusion remains governed by the fixed αR.

Conclusion. Our results provide different insights into the
dynamics of active particles in power-law viscoelastic materi-
als, a class of media that is highly relevant in soft and biolog-
ical matter. We uncovered a rich variety of dynamical behav-
iors. At very short times, the MSD of the particle can exhibit
subdiffusive behavior, where the MSD grows slower than lin-
early with time (tαT , with αT < 1). At intermediate timescales,
the MSD grows quadratically with time (t2), correspond-
ing to ballistic or persistent motion, as is typical for active
Brownian particles. In the presence of power-law viscoelas-
ticity, the persistent regime can transition to a superdiffusive
regime, where the MSD grows faster than linearly but slower
than quadratically (t2−αR ), with 1 < 2 − αR < 2. This regime
is overstretched compared to the standard ballistic regime,
and can persist for much longer times due to a competition
between translational and rotational memory effects in the
medium, effectively questioning the relation between persis-
tence and propulsion in active matter. The persistence time can
be significantly increased in power-law viscoelastic media,
especially for small values of the fractional order αR. At long
times, the system relaxes to a normal diffusive regime, where
the MSD grows linearly with time, but with an enhanced dif-
fusion coefficient compared to passive Brownian motion. The
characteristic timescales that describe the crossovers between

these regimes depend on the fractional orders (αT and αR) that
characterize the viscoelastic properties of the medium. The
analytical and numerical framework developed here can be
extended to investigate more complex active behaviors, such
as collective phases or optimized motion strategies. Moreover,
we anticipate that our findings will contribute to the under-
standing of experimental observations of active particles in
diverse media ranging from gels [29–31], polymer networks
[36–38], and crowded environments [22,39,40].

In this Letter, we considered a linear model of the vis-
coelastic medium, i.e., the generalized (fractional) Langevin
equations [Eqs. (1) and (4)] relate the particle’s velocity
and angular velocity to the forces and torques via linear
operators (fractional derivatives and memory kernels). How-
ever, experimental observations [71] and theoretical models
[72] have shown that, when a particle experiences an ex-
ternal driving force in a viscoelastic medium, its dynamics
deviate strongly from the linear description. Furthermore,
in the overdamped limit, the medium cannot be assumed
to remain in equilibrium due to its often long relaxation
time. This has important consequences for active Brown-
ian particles. Experiments have shown that active motion
in a viscoelastic medium induces a nonlinear coupling be-
tween the rotational and translational degrees of freedom,
manifesting as an effective velocity-dependent torque in the
angular component of the motion [23]. This enhances the
rotational diffusion, which increases with the particle velocity,
as observed in experiments with Janus particles [73] and sim-
ilarly in simulations and analytical models of complex media
[16,19,74]. Therefore, future work should account for these
effects.

Data availability. There are no publicly available research
data or software supporting this manuscript. Requests for fur-
ther information or data should be sent to the authors.
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